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Abstract

Causal inference on time series data is a challenging problem, especially in the presence of unobserved
confounders. This work focuses on estimating the causal effect between two time series, which are
confounded by a third, unobserved time series. Assuming spectral sparsity of the confounder, we show
how in the frequency domain this problem can be framed as an adversarial outlier problem. We introduce
Deconfounding by Robust regression (DecoR), a novel approach that estimates the causal effect using
robust linear regression in the frequency domain. Considering two different robust regression techniques,
we first improve existing bounds on the estimation error for such techniques. Crucially, our results
do not require distributional assumptions on the covariates. We can therefore use them in time series
settings. Applying these results to DecoR, we prove, under suitable assumptions, upper bounds for the
estimation error of DecoR that imply consistency. We show DecoR’s effectiveness through experiments on
synthetic data. Our experiments furthermore suggest that our method is robust with respect to model
misspecification.

1 Introduction and Related Work

Understanding causal relationships is a fundamental problem in many scientific disciplines ranging from
economics and epidemiology to biology and Earth system science. Predicting a response from observations
of covariates often falls short to answer the scientific question at hand. Instead, one often wants to understand
how the response reacts to interventions on the covariates, one of the core questions studied in causal inference
(Rubin, 2005} [Pearl, 2009; Peters et al.,|2017)). A recurring challenge in causal inference on non-randomized
data is the presence of unobserved confounders, that is, unobserved variables that influence both the predictor
and the covariate and that potentially lead to biased estimates of the causal effect.

Instrumental variable (IV) regression offers a framework to remove bias due to hidden confounding by
using instruments — variables that influence the response variable only via the covariates of interest
[1928} [Reierspl, (1945} Bowden and Turkington) [1990} |[Angrist and Pischke, 2009). Instrumental variables
regression for time series data leads to additional challenges due to temporal dependencies
[Newey and West), |1987; Thams et al., 2022). In cases where instruments are not available, one may aim
to exploit alternative assumptions regarding the nature of the confounding. For example, under the strong
assumption of independent additive noise, Janzing et al.| (2009)) propose a method that detects confounding
in i.i.d. data.

In this paper, we assume that the confounder is sparse in the frequency domain (or, more generally,
after a suitable basis transformation). This assumption allows us to frame the problem as an adversarial
outlier problem in the frequency domain and thereby enabling us to apply robust regression techniques to
estimate the causal effect reliably. Figure [I] illustrates our proposed method, Deconfounding by Robust
regression (DecoR), and offers a graphical comparison with ordinary least squares (OLS). We analyze DecoR
theoretically and provide assumptions under which DecoR is consistent for estimating the causal effect.

Our approach was inspired by [Mahecha et al| (2010) who predict temperature sensitivity of ecosystem
respiratory processes in the case where basal respiration, the unobserved confounder, is slowly varying.
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While [Mahecha et al.| (2010) also consider the time series data in the frequency domain, they assume that
the support of the confounder is known (which is not required in our framework). Furthermore, they focus
on the application and neither provide a formal mathematical framework nor any statistical guarantees. The
work by |Cevid et al.| (]2020[) and |Scheidegger et a1.| (]2023[) also consider sparsity with hidden confounders.
However, they consider i.i.d. data and assume a sparse parameter vector rather than sparse confounding.
Consequently, their procedure is different from ours in that they apply singular value decomposition to the
data and then trim the large eigenvalues. A related line of research focuses on spatial deconfounding in
environmental and epidemiological applications, see e.g. |Clayton et al.| (1993)); [Paciorek| (2010); Page et al.|
. These works assume that a spatial regression problem is confounded by an unobserved confounder
that is slowly varying. Different methods have been developed for solving this problem In|Reich et al.| (2006),
[Hughes and Haran| (2013) and [Prates et al|(2019)) the residual spatial process is restricted to be orthogonal
to the covariates. Another approach is to remove the slowly varying components from either the response
or the covariates or both (Paciorek| [2010; Thaden and Kneibl, [2018} Keller and Szpiro|, [2020; Dupont et al.|
2022). A similar methodology, that also includes removing the slowly varying part of the covariate, was
developed by |Sippel et al.| (2019) for meteorological time series data. More recently, |Guan et al| (2023) and
[Marques et al. (2022) consider Gaussian random fields as data generation process and propose to remove
confounding by considering different scales when estimating the (unconfounded) covariance matrix.

Our method reduces the unobserved confounder problem to linear regression with adversarial outliers
on non-i.i.d. data. Linear adversarial outlier problems have been studied extensively both in terms of
methodology and theory. In the setting where outliers are given by an oblivious adversary, that is, the
outliers are not allowed to depend on the predictors, several consistent estimators are known
[2017; |Suggala et al.| 2019; [d’Orsi et al., 2021). However, when the outliers are chosen adversarially, that is,
adaptively with respect to the predictors, there does not exist a consistent estimator when the fraction of
data points contaminated by outliers and the noise variance are constant, even when the data is i.i.d. (see
Appendix [E.3)). Furthermore, in the i.i.d. setting with vanishing fraction of bounded outliers, standard OLS
is consistent (for details see Appendix — even though it may be suboptimal in terms of finite sample
results. Surprisingly, for the non-i.i.d. setting we are considering, we prove that there are cases for which
robust regression is consistent while OLS is not, even when outliers are bounded. Even though it is generally
impossible to construct consistent estimators, a variety of results have been derived for the linear adversarial
outliers focusing mostly on the i.i.d. setting. [Klivans et al|(2018) assume i.i.d. data, contractivity constraints
on the distribution of the predictors and assume that the outcomes are bounded. The authors of [Chen et al.;
(2013) and [Diakonikolas et al| (2019) assume (sub)-Gaussian design with uncorrelated predictors, and [Sasai
and Fujisawal (2020) assume i.i.d. Gaussian design and make restricted eigenvalue assumptions. Similarly,
Pensia et al.| (2020)) assume i.i.d. data with contractivity constraints and assume that the distance between
contaminations are bounded. In[Bhatia et al.|(2015) the authors assume eigenvalue bounds on the predictors
and assume the contaminations to be bounded. One of the methods we study in more detail is the algorithm
proposed by Bhatia et al.| (2015): their results are among the few that do not require i.i.d. data. Not only
do we improve the bounds given by Bhatia et al.| (2015) but we also prove that robust regression can be
consistent with constant fraction of adversarial outliers and non-vanishing noise variance. The insight here
is that when i.i.d. noise with constant variance is considered in the frequency domain, the variance vanishes
with increasing sample size.

The remainder of this paper is structured as follows. We formally introduce the problem of causal
inference with unobserved confounders for time series in Section In Section we present DecoR and
showcase how it is used for causal inference in the presence of unobserved confounders. We provide theoretical
guarantees for DecoR in Section

2 Sparse Representation for Deconfounding

We now formalize the underlying model assumptions and the methodological procedure.

Setting 1. Let d € N and let T € R denote a fived time horizon. Let X = (Xi)icjo,1) be a stochastic
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Figure 1: Due to the hidden confounder, regressing ¥ on X in the time-domain (left) does not yield a
consistent estimator of the true causal effect (dashed, yellow). The idea of DecoR (green, see Section
is to consider the data in the frequency domain. Even though it is unknown, which of the data points
correspond to confounded (orange) and unconfounded (gray) frequencies, robust regression techniques can
be used to estimate the causal effect. We prove that DecoR is consistent under weak assumptions if the
confounding is sparse, see Section

process in R? and U = (Ut)tejo, 1) @ stochastic process in R. Let n = (1¢)¢ejo,1) be a process of i.i.d. centered
Gaussian random variables independent of X and with constant variance O’% > 0. Let B € RY and let
Y = (Yi)iepo,r) be a stochastic process that satisfies

Yy =X, B+ U + 1.
Fizn € N. We assume that we observe X" = (X7 n, Xor/n, .., X1) and Y™ := (Y, Yor/p, ..., Y1).

We assume Setting[I] for the remainder of this section and consider the goal of estimating 3 from X™ and
Y. Setting [1] does not require any underlying causal model and /3 is an interesting target of inference from
a regression point of view. However, the set-up is particularly relevant if 8 € R is the total causal effect of
X; on Yy, that is, 8 = ZE[Y; | do(X; = )] for all ¢ € [0,7] @ In the most basic scenario, U
acts as a confounder, effecting Y through a linear relationship while its effect on X can be non-linear. We
illustrate this scenario in Figure 2]

However, Setting [I] is more general than the additive structure may initially suggest. In particular,
we show that it suffices to assume that Y; = X,’ 3 + ¢ for some (not necessarily uncorrelated) stochastic
processes X and €; for details, see Appendix [B]

Consider a (known) orthonormal basis ¢ = {¢x ren of L%([0,T]). We typically choose the cosine basis
(see Definition as ¢ in our applications. The main assumption of this paper is that the confounder is
sparse in this basis.

Definition 2.1 ((¢,G)-sparse process ). Let G C N and let U = (Uy)¢ejo,r) be a stochastic process in R
satisfying E[fOT UZdt] < oo. If for all k ¢ G almost surely

<U7 ¢k>L2 = Oa
we call U a (¢p, G)-sparse process.

Assumption 1 (Sparse confounding assumption). The set G C N is such that U is a (¢, G)-sparse process.
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Figure 2: Directed acyclic graph covered by Setting [l} The dashed arrow from U; to Y; indicates that we
assume U; to be sparse and the effect on Y; to be additive,

The theoretical results presented in the remainder of this paper explicitly assume Assumption [1| to hold
for a G with suitable properties (informally speaking, for ‘small’ G). To see how this sparsity can exploited,
let S be the set of Re-valued stochastic processe on [0,7] and C the set of random variables on R?. Define,
for all £ < n, the function T,f’” :S —C by

A (Ve )10k (T /)
TP (V) = :

. Z?:IU/TZ/.n)d(bk (Tl/n)

For the cosine basis, Equation (1)) corresponds to taking the discrete cosine transform (applied to Vz/p, ..., Vr).
Using the linearity of T; ,f ™ it holds for all k < n

TP (Y) = TP™(X)T B+ TP (U) + TP (n)

as. [TP(X)TB+TP"U)+ TP () itk e, (2)
TP (X)T B+ TP (n) ith¢G.

Equation makes use of a technical condition on the transformation; see Assumption and its discussion
in Section 4

The core idea is to consider the pairs {(T,f’"(X),T,f’"(Y))}kgn as a new data set and to observe that
by Assumption [I] only the data points with an index k € G are confounded. If G is known or if there exists
a known subset S C N with G C S, the unconfounded dataset {(T,f’"(X),T,f’"(Y))}kgs can be analyzed
using standard linear inference methods to, for example, consistently estimate 3. However, in many cases,
G (or S) might be unknown. In the next section, we introduce DecoR, an algorithm for estimating 8 without
assuming knowledge of G but assuming sparsity instead.

2.1 DecoR: Deconfounding by Robust Regression

The key insight exploited in this section is the identification of (2|) as an adversarial outlier problem. We define
Xy = (TY"(X),...,Tg™(X)) " and similarly for Y and 07}, and o} as of} == (Ty""(U),..., T2™(U)) . This
reformulation allows us to express the relationship as:

Y = X326+l + of. (3)

The outlier vector oy may exhibit dependence on X. However, because of Assumption |I| we know that for
all indices k not in G, the component (OZ)k equals 0. This scenario mirrors a linear regression model with
adversarial outliers, a challenge well-studied in robust statistics literature (see, e.g., Bhatia et al.| [2015]). To
estimate 8 we can thus apply robust linear regression to . We call this methodology DecoR and outline the

1We work with general stochastic processes since we do not assume regularity conditions for 7.



full procedure in Algorithm [I} While it can be paired with any adversarial robust linear regression algorithm,
in our experiments, we have used Torrent (Bhatia et al., |2015). Figure [4|in Appendix |A| offers a graphical
illustration of the method, emphasizing the transition from time-domain data to frequency-domain analysis
and the subsequent application of a robust regression algorithm.

Algorithm 1 DecoR

Require: X" ¢ R"*4 Y™ ¢ R", orthonormal basis ¢, robust linear regression algorithm A
XP o (TPMX),..., T¢™(X)T > See
VP (TP, TemMY))T
Biaeen + AXJ.Y])

return Sy

In Section [3|we introduce the robust linear regression with adversarial outliers problem, discuss the robust
algorithms BFS and Torrent and provide novel theoretical guarantees for their estimation errors. In Section[]
we use these results to provide conditions under which the estimator returned by DecoR is consistent.

3 Theoretical Guarantees for Robust Regression

We first introduce the setting of a linear model with adversarial outliers, which we assume for the remainder
of Section [3

Setting 2. Letd € N and 3 € R%. Foralln >d, lete € R, X € R"*? and G,, C {1,...,n} and let o € R"
be such that ¥i ¢ Gy, : 0, = 0. Define Y € R™ by

Y =XB+e+o. (4)
We call Gy, the (potential) outliers and GS, the inliers. We observe X and Y. The goal is to estimate [3.

Setting [2] describes the adversarial outlier setting. In particular, o can depend on X. For any S C
{1,...,n}, we denote by Xg € RI®I*¢ the submatrix of X that only includes rows with indices in S (for
S = (), this is the empty matrix, whose rank equals zero). We similarly denote the subvectors of Y, e and o
that only includes rows with indices in S by Yg, eg and og. If rank(Xg) > d, we denote by

Bas(X,Y) = (XJ Xs) "' XJ Vs (5)

the ordinary-least-squares estirnato We often write Bcis instead of Bﬁqu (X,Y) when XY is apparent from
the context. We also write fors(X,Y) = Ay ™ (X, Y).

This work discusses two algorithms for estimating g in , both of these methods include some form
of linear regression. Algorithm [2| takes as input a collection U, of candidate sets for the inliers G¥,. For
example, we might have knowledge of an upper bound a for the number of outliers. We can then define
U, ={S C{1,...,n}||S| > n—a}. We can then search over all elements in U,,, compute the OLS estimate
on the corresponding data and choose the estimate with the smallest prediction error. We call this method
Brute Force Search (BFS) and detail it in Algorithm [2l We will see in Section that if, indeed, G, € U,
the procedure is consistent under suitable assumptions.

Algorithm [2|is computationally expensive unless U,, contains only few sets. In practice, Torrent (Bhatia

et al., 2015)) is an often computationally more efficient method for estimating 8. For all v € R"™ let sq,..., s,
be the unique permutation of {1,...,n} such that v, <ws, <--- <wg, , where ties are broken with a fixed
deterministic rule. Further, define for a € {1,...,n} the set

HT(v,a) = {s1,...,8a4} (6)

21f X;—Xs is not invertible, we use the Moore-Penrose inverse (X;—XS)Jr instead; that is, more generally, we define
Bos(X,Y) = (X g Xs) T X Vs.



Algorithm 2 BFS

ReAquire: X eR™ Y eR" U,
Baes (Un) < 0, errg < 0o
for S € U, do

€Ir] < Té‘\

2
2

Ys — Xsfie(X, V)|
if err; < errg then
Bars(Un) < Bs
erry < erry
end if
end for
return [l (U,)

> see

containing the indices corresponding to the a smallest entries of v (‘HT’ stands for ‘hard-threshold’). With
this notation Torrent is defined as in Algorithm

Algorithm 3 Torrent (Bhatia et al., 2015)

Require: X ¢ R™*?4 Y ¢ R", a € {1,...,n}
So<+A{l,...,n},e«< Y, err+ oo, t+ 0
while ||e]|, < err do
t—t+1
err < e,
Blor < [3{?{51 (X,Y) > see
€< ‘Y - Xﬁ%or‘
Sy < HT(e, a) > see (6)
end while

return B = ,@%or

3.1 Guarantees for BFS

Let U, CP({1,...,n}), 0 ¢ U,, be the collection of candidate sets for the inliers U, that we use as an input
for Algorithm [2] and let us denote the algorithm’s output by Sieg(U,,). Furthermore, we define

InlU,) = {S €U, | SNG, =0},

denoting the collection of sets in U,, that do not contain any outliers. We can now prove the following result
about BFS.

Theorem 3.1. Assume Setting with d = 1 and that Inl(U,,) # 0. Assume that €1,...,€, are i.i.d. zero-
mean Gaussians with variance o > 0. Define for all S € U, and U,, € Inl(U,,),

Oél(S, Unaé) = ﬂ

2 2
= 17 (VIO + o VE10gQRAITD))  (0V/15] - oK log@th]/3)
where K > 0 is the constant from Lemma|D.1], and define

n s Uny, \/7n
a(S, Uy, 8) = 4o || Xs|l \/210g(2\lxl |/0) " \/al(S U,,9) + o+/2log(2|U |/5)

; [REIH S [REH

[ Xs\a.,

3We use the algorithm’s original formulation here. One can, equivalently, instead of e < |Y — X B%or| take an element-wise
square.



Let 6 > 0. Then, with probability at least 1 — § it holds thaﬁ

Bng(un) - ,3’ < max min {a(& Un, 5) + g 210g(6|un|/5) } .

SEU, U, eml(U,,) [ Xsllo

The proof can be found in Appendix Theorem implies that BFS is consistent if the noise
variance o2 is equal to 0 and mingey, || Xs\a, ||2 # 0, implying that ¢, does not contain any subsets of G,,.
Furthermore, it shows that if the fraction of outliers is vanishing with increasing n, BFS is consistent under

mild assumptions on the collection U, of candidate sets; it suffices, for example, if the distribution of X is
such that, with high probabilityﬂ,

min |[Xs\q, |l € 2vn),  max || Xsll2 € O(Vn) (7)

and if U,, is chosen such that

max min /18] 1og(t4,)/ V[T € o). (®)
For details, see Appendix Conditions and hold, for example, when we have a known sequence
{¢n}nen such that, for all n, |G,| < ¢, and ¢, € o(y/n/log(n)), we define the collection of candidate sets
as Uy, = {S € P{1,...,n}) | |S| =n — ¢,} and the rows of X are i.i.d. Gaussian, see Bhatia et al.| (2015,
Theorem 15). If the fraction of outliers is non-vanishing (and ¢, < n/2), Theorem implies that for a
distribution of X satisfying and the same choice of candidate sets defined by U, == {S € P({1,...,n}) |
S| = n — ¢}, that |Bg(Uy,) — B| € O(0). Theorem implies uniform consistency results, too. For
example, in the case of o = 0, we obtain uniform consistency even over classes of distributions with outliers
that shift the original data points by an arbitrary amount. On the contrary, regression that is based on a
robust loss function, such as the Huber loss (Huber, |1964)), does not come with similar guarantees, not even
with respect to pointwise consistency or in the case o = 0.

3.2 Guarantees for Torrent

In this section we strengthen existing bounds for the estimation error of Torrent by improving the result of
Bhatia et al| (2015, Theorem 10).

Lemma 3.2. For alln € N there is a constant N € N such that Algorithm[3 converges in less than N steps.

In practice, we observe that Torrent requires only very few interrations until it convergences (cf. Table.
We can use Lemma [3.2] to obtain an improved guarantee for Algorithm

Theorem 3.3. Assume Setting @ Assume that there exists a known ¢, € N such that |G| < ¢,. Let
S; be the estimated subset in the final iteration of Algorithm [J executed on the data X, Y using threshold
parameter a, = n — c¢,. Define for S C{1,...,n}

V(9) = (SUG)\ (G, NS),
the symmetric difference between S and GS,. Furthermore, assume thatlﬂ

[ Xvs) |l 1

= max =
" SC{1,...,n} s.t. |S|=an >\min (Xg:XS) \/5

4Here and below, we consider an upper bound to be infinite if it contains a summation term that is divided by zero.
5See Appendix for a formal definition.
6For A € R?*4 e denote by Amin(A) the minimum eigenvalue of A.



Then

2| Xvisoll, || (X4, Xs.) ™ Xes,

) + \/§||€V(st)\|2

2 )\min (Xg;XSt) (1 - \/577)

The proof can be found in Appendix [D.4] Defining

AN, Ay, T -1 T
-], <] o5 x5) ™ X

Tor

>\a X) = i >\min XTX
S = min A (XEX)

we can use this result to derive an upper bound for the estimation error in the sub-Gaussian noise setting.

Corollary 3.4 (sub-Gaussian noise). Assume the setting of Theorem with i.i.d. zero-mean sub-Gaussian
noise € with variance prozy o and assume ¢, < n/2. Then, there exists a constant K > 0 such that for all
0 > 0 with probability at least 1 — §

In particular, if the rows of X are i.i.d. standard Gaussian random vectors and c,, € o(n/log(n)), then B
18 consistent.

jran _ 5”2 < )\a;(X) (1 + I —\/\5/577> (\/E—i— \/20nKlog(2en/cn5)) +

20\/Cr, (1 + Klog(Zen/cn5)>
>\an (X)(l - \/577)

n,an,
Tor

While Corollary states consistency under appropriate conditions and vanishing fractions of outliers,
the results in|Bhatia et al.| (2015) are not sufficiently strong to imply consistency in this setting. Furthermore,
even for non-vanishing fraction of outliers our bounds are in general tighter since the maximum over S in
the definition of 7 is taken jointly over the denominator and numerator, not separately as in [Bhatia et al.
(2015)).

4 Guarantees for DecoR

We can now prove bounds for the estimation error of DecoR. Let (2, F,P) be a probability space and let
T € R denote a fixed time horizon. Denote by M[20 7] the set of measurable, real valued, square integrable

stochastic processes, that is, all Lebesgue-measurable, real-valued stochastic processes (V;)c(o,7] that satisfy
IEJUOT VZ2dt] < oo. For all ¢ = {¢y}ren orthonormal bases of L*([0,7]) and all V' = (Vi)epo,r) € M[207T], we

have fOT V2dt < oo almost surely and, therefore, (V, ¢y )1, exists almost surely.

For the remainder of this section we assume Setting [1| and that Assumption (1] is satisfied for G and ¢.
More precisely, let G C N, let ¢ = {¢ }ren be an orthonormal basis of L2([0,T]), let U = (Ut)tejo,m) € M[Q07T]
be a (¢, G)-sparse process and let X = (X¢)c[0,77 be a stochastic process in R Let n = (nj)jef0,m) be a
stochastic process of i.i.d. centered Gaussian random variables with variance af, > 0 and let Y; be a stochastic
process, such that, for all ¢ € [0, 7],

th :Xt—rﬁ-f—Ut—‘r’l?t

We also assume some regularity conditions on ¢ and U. Specifically, we assume that for all £ € N it holds
that ¢y is right-continuous (or left-continuous) and that the trajectories of U satisfy the same condition
almost surely. This implies that, almost surelyﬂ for all ¢t € [0, T

U= (¢x, U)r2¢n(t). (9)

keG

"Without assuming right-continuity @D only holds almost surely, almost everywhere; because we need to discretize the
process we require equality almost surely for all ¢ € [0, T7].



As described in Setting we assume that, for n € N, we observe X" = (X7 /5, Xog/pn, ..., Xr) and Y :=
(Y7 /n,Yor/n, - -, YT). We consider the transformation Tg’", see (1)), and write Xy = (TY™(X),...,T¢™(X)T
(see also Algorithm [I)) and G,, .= GN{l,...,n}.

The theoretical results presented in this section are based on two types of assumptions. One assumption
ensures that G,, does not grow too quickly with n (clearly, if |G,,| > n/2, for example, there is no consistent
estimator for 3). Another set of assumptions contains technical conditions on the transformation 7%,

see and .
Assumption 2. (i) For alln € N and I,k < n it holds that %Z?zl o1(Tj/n)ok(Tj/n) = 1{l = k}.

(i) For every § > 0 there exists ¢ > 0 and i € N such that for all n > @ there exists S;, C {1,...,n} with
|S]| = 2¢, + d such that for all 8" C S), with |S"| = d it holds that with probability at least 1 —§

Amin ((Xg)g// (Xg)sll) Z C/.

Assumption states that the chosen orthonormal basis maintains its orthogonality and normalization
properties when applied to discretized observations; this is satisfied, for example, by the cosine basis or the
Haar basis (Haarl (1909), see Appendix Together with @[), this implies . Assumption requires that
X is non-sparse in the ¢-domain. This condition intuitively says that there is more information in X than
is lost by confounding. This condition is relatively mild and accommodates a wide array of commonly used
stochastic processes, including Ornstein-Uhlenbeck processes, Brownian motions, and band-limited processes.
We are now able to state the main theoretical results, the convergence properties of DecoR-BFS (DecoR with
BFS as robust regression algorithm) and DecoR-Tor (DecoR with Tor as robust regression algorithm).

Theorem 4.1 (Convergence properties of DecoR-BFS). Let ¢, be a known sequence of natural numbers such
that |Gr| < ¢, and let Assumption @ be satisfied. Assume that d = 1, that U is independent of €, that
SUPcio,7] E[X?] < oo and that for alln € N and j,i < T it holds that £ 31" | ¢(Tj/n)¢u(Ti/n) = 1{i = j}.
Define a sequence of candidate sets by Uy, :={S C {1,...,n} | |S| =n —c,}. If DecoR is executed with BFS
and the sequence of sample sets U,,, then there exists n € N such that for all n > n with high probability

3 1/4
tia- o] 20 (o (820E) 7).

Many commonly used bases, such as the cosine basis and the Haar basis, satisfy the conditions of Theo-
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Theorem 4.2 (Convergence properties of DecoR-Tor). Let ¢, be a known sequence of natural numbers such
that |G| < ¢, and let Assumption be satisfied. Assume that for all § > 0 there exists i € N such that for
all n > n it holds that

[,

A (X)E(XE)s)

1
< —|>1-6. 10
Sg{l,“.,n}n}si}.( |S|l=n—cp \/ \/Q o ( )

If DecoR is executed with Torrent and the sequence of threshold parameters a, = n — c,, then there exists
n € N such that for all n > 1 with high probability

[t~ o], < /=52

n

If the assumptions of Theorem or Theorem are satisfied and either there is no noise, that is,
oy, = 0, or the number of confounded components ¢, grows more slowly than the sample size n, that is,
¢n € o(n), then DecoR produces a consistent estimator for 8. Conversely, if there is non-zero noise and the




number of confounded components ¢, is asymptotically proportional to n, that is, ¢, ~ n, the estimation
error of DecoR is asymptotically bounded by the noise variance o,,, up to constant factors. While DecoR-Tor
has polynomial-time complexity and in our experiments converges very fast (cf. Table , the theoretical
result (Theorem 4.2 contains stronger theoretical assumptions than the one based on BFS (Theorem [4.1)
, specifically it requires to hold. In contrast, DecoR-BFS does not require , but its computational
complexity is exponential in n when ¢,, is not bounded by a constant.

In the next section, we show that when X and U are band-limited processes, DecoR can be consistent,
even for a constant fraction of outliers.

4.1 Example: Band-Limited Processes

Let {¢x }ren be a basis of L2([0,T]) and let S C N be a bounded set. We call a real-valued stochastic process
V an (S, ¢) band-limited process if there exists a set of random variables {a} }xes with finite second moments

such that, almost surely,
V= Z akvgbk.

keS

Let Sx,Sy C N be bounded sets and assume that X is a (Sx,¢) band-limited process and that U is a
(Su, ¢) band-limited process. Assume ¢ satisfies Assumption Then, for all k,n € N, we have almost
surely that

X .
(X2), = ?f ke Sy
0 1fk‘§éSX

and analogously for U. Let ¢ := |Sx N Sy| and assume that |Sx| > 2¢ + 1. Assume further that, there
exists 7 > 0 such that for all k € Sx it holds that almost surely |aY| > r. This implies Assumption
and therefore, by Theorem DecoR-BFS is consistent. If, additionally, condition is satisfied — this
is the case with high probability, for example, if {a;\ }rcsy are i.i.d. Gaussian and |Sx| is large — then, by
Theorem DecoR-Tor is also consistent. Moreover, OLS can be inconsistent in this setting, as shown in
the following proposition.

Proposition 4.3. Assume Settmg and assume Assumption |4 holds. Then, B?ig is not necessarily a
consistent estimator for 5. Even if X is a band-limited process, OLS may be inconsistent.

We regard these results surprising in that they describe a setting, in which the number of outliers increases
linearly in n and there is a constantﬁ noise variance, and still robust regression yields a consistent estimator
(and OLS does not). As discussed in Appendix such an estimator does not exist for i.i.d. data.

5 Empirical Evaluation

We validate our theoretical findings through experiments on synthetic data. In the experiments, we generate
data according to the model described in Settingm and set X := U+ex. We sample ex and U from either two
independent Ornstein-Uhlenbeck processes or two independent band-limited processes. For the orthogonal
basis ¢, we consider both the cosine basis (see Definition and the Haar basis (see Definition . The

noise in Y is set to have variance U% € {0,1,4}. To assess the accuracy of the different approaches, we

calculate the mean absolute prediction error: MAE :=Y"" |8, — Bﬂ /n. For the remainder of this section,
if not specified otherwise, we assume independent band-limited processes, the cosine basis, noise variance of
o2 = 1, fraction of outliers of 25% and a = 0.7. Detailed information on the experimental setup is available in

n
Appendix [F-2] and code has been made available at https://github.com/fschur/robust_deconfounding.

8The noise variance is only constant in the time domain. In the frequency domain, it vanishes with increasing n.
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n | o; 0LS DecoR-Tor | DecoR-BFS
8 | 0 [ 1.69(0.05) [ 0.32 (0.04) | 0.00 (0.00)
12| 0 | 1.70 (0.05) | 0.13 (0.02) | 0.00 (0.00)
16 | 0 | 1.66 (0.04) | 0.06 (0.02) | 0.00 (0.00)
8 | 1 [ 1.70 (0.05) | 0.55 (0.03) | 0.24 (0.01)
12 | 1 | 1.71 (0.05) | 0.33 (0.02) | 0.17 (0.01)
16 | 1 | 1.67 (0.04) | 0.21 (0.01) | 0.14 (0.00)

Table 1: Comparison of the mean absolute estimation error (with standard deviation of the mean in paren-
thesis) between OLS, DecoR-BFS and DecoR-Tor. For more than 16 data points BFS becomes computationally
infeasible.

We first compare the average estimation error of OLS, DecoR-Tor and DecoR-BFS. As discussed in Section/3]
the computation time of DecoR-BFS scales exponentially with the sample size n, so we only consider sample
sizes up to n = 16. Table |l{shows the results. In the absence of noise, that is, if 072, = 0, DecoR-BFS correctly
point-identifies the true parameter 3 for all samples sizes — this is in agreement with Theorem .1} Although
the average estimation error of DecoR-Tor decreases as the sample size increases, it does not reach zero, unlike
the estimation error of DecoR-BFS. This discrepancy arises because condition is often not satisfied in
smaller sample sizes (not shown). The discrepancy also suggests a trade-off between computational costs
and average estimation error. Since DecoR is modular in that it can be applied with any robust regression
technique, it directly benefits from any methodological advancement in the field of robust regression. As
expected, the estimation error for OLS remains constant regardless of sample size and is significantly larger
than that of both DecoR-Tor and DecoR-BFS.

In Section 1] we have shown that under suitable conditions DecoR is consistent when U and X are band-
limited processes. Figure|3| (left) shows that the mean absolute estimation error for processes from this class
vanishes with growing sample size, supporting considers Ornstein-Uhlenbeck processes and suggests that
DecoR might also be consistent for this class of processes. We show, however, in Appendix [E-3] that there
are settings with Ornstein-Uhlenbeck processes where no consistent estimator exists; it therefore seems that
many of the cases in Figure|3| (right) contain confounding that is not worst-case, so DecoR is still consistent.
In both cases (Figure [3| (left) and Figure [3| (right)) the error of OLS does not seem to vanish with growing
sample size.

We present additional experimental results in Appendix Figure [5] and Figure [7] suggest that DecoR-
Tor is consistent in the setting where the Haar basis is used in place of the cosine basis, and in the setting
where X is two-dimensional. Furthermore, Figure [6] investigates consistency of DecoR-Tor under model
misspecification; more specifically, we consider a growing fraction of confounded components and a model
introducing Gaussian noise to U (and therefore violating Assumption. We also test the convergence speed
of DecoR-Tor (see Figure [8). We find that DecoR-Tor converges in under 15 iterations for data sets up to
size 1000.

6 Summary and Future Work

In this work we have developed DecoR, an algorithm that estimates causal effects in the presence of unobserved
confounders in time series data. We leverage sparsity in L? with respect to a known basis to derive conditions
under which DecoR consistently estimates the true causal effect.

Looking ahead, we see several promising directions for future work. First, adapting our results to datasets
where the data points are not observed in regular intervals. Similarly, extending our framework to include the
asymptotics of longer observational time horizons, as opposed to shorter time intervals, would be interesting.
Second, exploring scenarios where the effect of the hidden confounder has a linear and sparse effect on X,
but is dense toward Y, may be relevant for practical applications. For such cases, similarly as before, we
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Figure 3: Synthetic experiment where ¢, and U are generated by two independent band-limited processes
(left) or two independent Ornstein-Uhlenbeck processes (right) and where we choose ¢ to be the cosine basis.
For this experiment DecoR-Tor is used.

have
TE™(Y) = TP™(X)T B+ TP (U) + TP (7).

However, in contrast to Setting |1} the hidden confounder does not disappear, that is, (T,f’ (U))ge # 0.
Instead, assuming X = aU + ex for some o« € R? and ex 1. X, one may be able to exploit that
(TP™(X)) e (T,f’"(U))G% — 0. Lastly, it could be interesting to extend the results about the lower bound to
other noise distributions such as the Gaussian distribution. We hypothesize that, in this case, our approach
would be consistent under minor modifications. Third, another promising direction is to consider nonlinear
causal effects. In this setting, one strategy could be to generalize the derived results to finite-dimensional
feature transformations or to kernelize the approach.
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A Visualization of DecoR

Figure [4] provides another visualization of the proposed procedure DecoR.
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Figure 4: Visualization of DecoR (Section : in the time domain (left), the processes are confounded, so
estimators based on least squares will generally be biased. Assuming that the confounding is sparse in the
frequency domain (middle), we can apply robust regression methods to estimate the causal effect (right).
We prove that DecoR is consistent under weak assumptions if the confounding is sparse; see Section @

B Comment on Setting

Setting [1| is more general than the additive structure may initially suggest. To see this, let X = (Xt)te[O,T]
be a stochastic process and let € = (e;):e[0,7] be any noise process; in particular, ¢ might depend on X.
Assume that the stochastic process Y = (Y;):e[0,7) satisfies

Y, = BX; + e, (11)

where BNG Rdeenotes the total causal effect of X; on Y;. Without loss of generality, there exist random
vectors U = {Uy }4e(o,7], an independent stochastic process 7 = (7¢);¢[0,7], and measurable function (¢ )e(o,7)
such that

Xt = ht(Ut,T),

Y, = BXt +U,
and U and 7 are independent. This statement follows when defining U, := ¢ and choosing the equation h;
and 7 accor(iinglyN(see Peters et al., 2017, Proposition 4.1). In this structural causal model, 3 is the causal

effect from X; to Y;. Since we allow for a degenerate noise process, Setting thus includes as a special
case.

C Additional Definitions

Definition C.1 (Cosine basis). Let T € Rsq be a fized constant. Define, for all k € N, the function
¢k : [O,T] — R by
1 ifx =0 and
i
V2cos(xm(k +1/2)) otherwise.
We call ¢ := (¢r)ren the cosine basis.

By definition, the cosine basis is right-continuous and its discretization is also called the inverse DCT
(Ahmed et al.| |1974).

Definition C.2 (Haar basis (Haarl [1909)). Let T € R~q be a fived constant. Define the function @ :

[0,7] — R by
1 if x <T/2
J;»—){ . ife <T/

if > T/2.
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Define, for all k € N, the function ¢} : [0,T] — R by
x s 27F 2l 2k ).
We call ¢ = (¢x)ren the Haar basis.
By definition, the Haar basis is right-continuous.

Definition C.3 (Bachmann-Landau notation). Let f,g: N — R. We say |f| is bounded from above by g
asymptotically and write f(n) € O(g(n)) if

lim sup m < 00.
n—oo  g(n)

We say f is bounded from below by g asymptotically and write f(n) € Q(g(n)) if

lim inf M > 0.
n—oo ¢ n)

Definition C.4. Let X1, Xo,... be a sequence of random variables and g : N — R a real-valued function.
We say that with high probability it holds that

Xn € O(g(n))
if for all 6 > O there ezists a real-valued function fs : N — R such that
foralln e N: PX,<fs(n)]>1-0

and
fs(n) € O(g(n)).
We define X,, € o(g(n)) with high probability and X,, € Q(g(n)) with high probability analogously.

D Proofs

D.1 Lemmas

Lemma D.1 (Theorem 6.3.2 of [Vershynin| (2018)). Let p be a sub-Gaussian distribution with zero mean
and unit variance. There exists a constant K > 0 such that for all n € N the following holds: Let €1,. .., €,
be i.i.d distributed with respect to p and define € := (€1, ...,€,). Then for all A € R™*" and t > 0 we have
that

P(|l14e"l, = 1Allp | 2 t) < 2exp (—KI*A'> .
2

D.2 Proof of Theorem [3.1]

We first proof a result for general noise variables:

Theorem D.2. Assume Setting[q with d =1 and that Inl(Uy,) # 0. Define for S € U,, and for U, € Inl(Uy,)

| XJ es]
m(S) = (12)
1Xsll5
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and

1 |S| 9 9
n3(S,Up) = 5 <U | lev, I3 — lleslls — 2€50s
[Xs\a, [l5 \1Un

(Xges)® +2 |XSGSHXSOS‘ |S|(X116Un>2>

2
HXSH2 ||XS||2 |Un‘ HXUn |2

(13)

Then

< i .
Bres(U, 6‘ max  min (m.(S) +12(5,Un))

Lemma D.3. Assume Setting[q with d = 1. Let S € P({1,...,n})\ {0} and assume that || Xs||, > 0. The
squared prediction error of the OLS estimator when using the data with indices S is given by

2
X;GS X;rOS )

“ 2
BioXs = Ya[[ = sl + sl + 2efos - (
H oLs 2 2 2 ||XS||2 ||XSH2

Proof. Tt holds that

A 2 Xd(es+05)X
lﬁosLSXS _YSH = HS< d 28) 5 —es—os
2 X5l 5
X7 2
2
= [les +oslly — (XSSH(ES + Os))
2
Xle XTos\>
2 2 T s €S s US
= |les|l3 + |los|5 + 2€ Os—< )
|| ||2 ” ||2 S ||XSH2 HXS'”Q
O
We are now able to prove Theorem Let
. 2
S* € argmin — HYS - XSBE]SLS(X,Y)H (14)
seu, 19| 2

be the set satisfying G5 s = Biks(Uy,).

Proof of Theorem[D.3 Assume XJ. Xg- is invertible (otherwise the bound is void). By the definition of S*
(see (14)),

XS* YS* <

2 ST | BimXu, — Yu,

|5 |
This implies by Lemma [D.3] that

1 2
@ Hﬁs* 2

2

X5+ — Y-

+ H05*

2 T
+2€S*OS* —( "
2 ||XS* 2 ||XS* 2 ‘S |

X‘;«r*tfs* X§*05*>2> 1

— || Xv, — Yu,

||eUn||§ (X e)’

27
Unl Ul 1 X0, 115
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using oy, = 0 in the last inequality. Rearranging gives
2 *
2 (X;*os*> < |S*|
2 \IXs-Nl,/) (U
(Khes? X Tes|[XTos| ST, e0,)? (15)
2 2 2
2 [ X sl [Unl [ Xu,.1I2
* 2
=03(5*,Un) || Xs\a. |5 -

By Cauchy-Schwarz and the fact that o; = 0 for all i ¢ G,, we have

2 T
5 — 2€g.05++

2
2~ lless

HOS* ||€Un

2 HXS*\Gn

, 1X 5=, |12

S*NGy, 12

llos- | 2 = Jlog- |3 [ 1 - 520G T2
21 Xs |3 ? 1Xs- 113

Xl 0g+ 2
< flog- 3 {1 - {2706 0500,
X515 los<na, I3

2 (XT*OS*)Z
= llos-l5 (1 ™
2

- 2
[ Xs+l5 [[os-
T 2
o1 (T2 ) -
| X sl

llos=l,
[| Xs

(16)

Combining and yields

S 772(5*7Un)

2
By

| X J.es | X J. 05+
IXs-l5 11 Xs-
| X J. €5 log=
T X 3 [ X5l
<m(S*) +n2(8*,Un).

Baes(Un) — B| <

2
2

2

Since this holds for all U,, € Inl(i4,), we have

an _ < . * * < . )
Bars (Un) ﬁ) <, duin (m (™) +n2(S*,Un)) < max = min | (m.(S) +n2(8,Un))

O
Proof of Theorem[3.1} Let U,, € Inl(i4,,). By the proof of Theorem specifically and , we have

that
2

2 [ Xs\a |S™| 2 2
[losl X 52 < ] lev, I3 — lles- Iz — 2€4-0s-
S*1l2 n
(X;CS*)Q Q‘X;—*ES* X.;'F*OS* ‘S*|(X;n€Un>2 (17)
2 2 - 2 -
[ X513 [ X5+l [Unl | Xu, [l

We bound the terms on the RHS. It holds that for all S € P({1,...,n})\ {0}
Xdes ~ N (0,02 1X5]3)

and oles~ N (0,02 ||05||§) .
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Therefore, by the Gaussian concentration inequality and the union bound,

P VS € Uy, |XT es] < || Xsll, /2108 Ul /0)| 21— 6 (18)

and
P [¥S € Uy, lof es| < ollos |, v/2Tog 2l /3)] 21— 6.

By Lemma there exists K > 0 such that for all ¢ > 0 we have

tQ
P [¥S € Un, lleslly = ov/[51] = t] < 20dn]exp (_K02>
and therefore
P [vs e Uy, |lesl, — /18] < a«/Klog(2|Un\/5)} >1-4.

This yields with probability at least 1 — § jointly for all S € U,

S S
B e 2~ sl < 2L (o /10T + o/ Klog @ 178)) ~ (/181 - o/ Klos @Al 7))
[Un] [Un]

= al(S, Un7 5)
Using the three inequalities above (and Cauchy-Schwarz for the term |Xd.o0g+|) to bound the terms of the
RHS of (17)), we therefore have with probability at least 1 — 3§

2
los-Il3 _ 01(5%,Un,0) 0 llos- lly v/Z108CI/3) (a\/zlog@wnw))

1 X515 [Xs\all,

X565 1 Xs\a. s

Solving the quadratic equation with respect to ||og«||, yields

loslly _ 40 || Xs«|ly/21log2Un|/0)  /a1(S*,Un,6)  o/2log(2]Uy]/0)
e < 5 + +
[ X+l HXS*\G" 5 HXS*\GnHQ |
= (S, Uy, 6) (19)
As shown in the proof of Theorem [D.2] we have
| Xgees+| | llos-lly

SR .
s (i HXS*”Q | X sl

Using and , we thus obtain with probability at least 1 — 36

. a+/2log(2|U,]/9)
S*, Uy, 0 .
it | =, i, {057 000+ Y
and therefore the desired result. O

D.3 Proof of Lemma [3.2

The number of distinct sets S that Torrent can output is trivially bounded by (LZ j)‘ Furthermore, it holds
that

A1 ~
HXSt+1 (B - B”f‘jr ) + €Si11 + 0841 5 < HXSt+1 (B - Béor) + €541 + 08,41 5

< HXSt, (B - 5’¥‘or) + €5, + 0s, 9
The first inequality holds because B;j‘rl is the least squares estimate for data Xg,, ,, while the second holds

because of the hard thresholding step. Furthermore, this implies that Torrent converges after finitely many
steps.
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D.4 Proof of Theorem [3.3]
Assume that th Xg, is invertible (otherwise, the bound is void). We begin by observing that the optimality

of the model S, on the active set S; ensures

B'I;or - BHQ H XStXSt XStGSt + XStOSt)

L (20)
H XStXSt XSfESt + ‘(XStXSt) XS,, 9 HOSt”Q'
The hard thresholding step guarantees that
. 2 112
HXSt+1 (ﬁ - BTor) + €Sit1 + 08441 9 = ‘Yst+1 - XSt+1ﬁTor 9
2
< ‘Y e — Xge pt, (21)
n n 2
At 2
= ‘XG% (ﬁ - ﬂTor) + €Ge,

Let Hyyq = Si1\GS, and M1 == GS\Si41. It then follows from

HXHt+1 (ﬁ - B'}t‘or) + €Hyp1 + OH, 1 9 < HXMt+1 (ﬂ - B'f"or) + €M,y 9

Let Viy1 == Hip1 U Myqq then Vigpq = (Sip1 UGS) \ (G5, N Ser1) = V(St). An application of the triangle
inequality and the fact that HOHt+1 H2 = Host+1 H2 gives us

HOSt+1H2 < HXMt+1 (ﬁ - Blt"or)
S \/§HXV}+1H2 Hﬂ - B%‘or

o (5 )
5 + \/§H6Vt+1 ”2

‘2 + HEHHA HZ + H€Mt+1 H2

< V2| X [, (| (X3, Xs) ™ X e |, + || (X5 X) 7 XF | los. ) (22)
+ V2|l evia 2

= VB[ Xvia |, | (¥4, X)X Nosilla + VX, | (¥4 X)X s
+ V2], ll2-

Here the second inequality follows since for all 2 € R% we have ||z||, < V/d||z||,. Let ¢ be the iteration where
Torrent has converged (see Lemma. We prove that we can assume that either Sy = Si41 or Sip1 = Sito
hold. First, assume that 35} = f% .. Then, by Algorithmwe have Sy41 = Siio. Next, assume G} # fL, .
If XngXst+1 is not invertible, the bound is void and there is nothing to show. If X%ﬂHngt+1 is invertible,

then B%:—rl is the unique minima and the algorithm did not stop, which is a contraction to the assumption
that S; is the output of Torrent. Without loss of generality, we can therefore assume that S; = Sy41.
Since for all A € R™ 9 we have ||A|l; = v/ Amax(ATA) = v/ Amax(AAT) = Amin((AAT)71))7/2 and by

assumption we have

_ [Xvesll, N 1
1= s B e a5t 3 e XVl [ (7307 T, < 5

Together with Sy = Sy this yields

-1
losill2 < V2nllos, I, + 2 1Xv, I, || (X, Xs,) " X,es,

Vv lz
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and therefore )
21 Xvilly || (X8, Xs,) ! Xdes,

1—+2p

,t V2|ev, Il2

los. [l <

Together with this yields the following result.

e =), = |

B = B, < || (X3, X)) Xdes,

2
-1
2||XVtH2 H(X;Xst) Xg’test

1—+/2p

- - 2+\/§||€w||2
+H(XStXSt) X3, .

D.5 Proof of Corollary
We trivially have |(S;UGS,)| < n and, since |St|, |GS,| > n—c,, we also have |(GS,NSt)| > n—2¢,. Therefore,
[V (Sy)] < 2¢,.

Since [{S C {1,...,n} s.t. |S| =an}| = () = () < (en/cy)* and by Lemma and the union bound

n
an Cn

(see the proof of Theorem for a similar argument), there exists K > 0 such that with probability at least

1—6 for all ¢t € N that
||6V(St)H2 < ov2c, (1 + \/Klog(Qen/cné)) .

With similar arguments and noting that [|(XJ Xg,) ' X HF <Vd (X4, Xs,) 1 X HQ we have with prob-
ability at least 1 — 6 for all t € N

(X8 Xs,) ™ X es,

<o ||(xExs) T x4,

, (\/;i—f— \/2cnKlog(26n/cn6)) .

By Theorem [3.3|and the fact that H (X;Xst)_l X4,

This yields the first result. If the rows of X are i.i.d. standard Gaussian random vectors, we have A, (X) €
Q(y/n) (see[Bhatia et al. (2015, Theorem 15)). This yields the second statement.

9 = ()\min (Xg’tXSt))_l/Q we have

20./c, (1 + \/Klog(2en/cn5)>
Ao, (X)(1 = v/2n) '

Ag?n _ 5”2 < /\anU(X) (1 + N @U) (\/(EJr \/QCnKlog(Qen/cn6)) +

D.6 Proof of Theorem [4.1] and Theorem [4.2]

Lemma D.4. Assume the setup of Section let ¢, be a sequence satisfying, for alln, |G| < ¢, and define
the Uy, as in Theorem[{.1] and let Assumption[3 be satisfied. Then, the following three statements hold.

(i) Ul < (22)™

(ii) for all n € N the n components of ng are i.i.d. centered Gaussian random variables with variance
a* =7 /n,

(iii) for all & > 0 there exists ¢ > 0 and i € N such that for all n > 7 it holds that

: ) n\T n / _
P [g}ég}t \/Amln <(X¢)S\Gn (Xqﬁ)S\Gn) > C] Z 1 0.
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Proof. Since {Tl,j5 "(n) }r<n are linear combinations of independent centered Gaussians, they are jointly Gaus-
sian with mean zero. By Assumption it holds that

E [(n})e(ng)] =E {Tg’n(ﬂ)ﬂ¢’n(ﬁ)} = % Z (T /n)pi(Tj/n)ENTi/mnT)/n]

ij=1
2

a

n

- {k=1}

This proves Furthermore, it holds by Sterling’s inequality that

e (1)<
Cn, Cn

This proves We now prove Since for all S € U,, we have |S| =n — ¢, and |G| < ¢, it holds that
for all S € U,, that |[S\ G| > n — 2¢,. Now, consider 7 from Assumption and an arbitrary n > 7.
Let S;, be the set from Assumption Then |S'\ G| > n — 2¢, implies |(S'\ G,,) N S},| > d. Therefore,
we can choose an S” C (S\ G,) N S), with |S”| = d. By Assumption we then have with probability at
least 1 — ¢

: X n\T Y, ) > /'

Since Ay is superadditive for positive semi-definite matrices, with probability at least 1 — 9,

. n\T n !
SIVIEI%EL \/)\min ((X¢)S\Gn (XdJ)S\G") 2¢.
O

Proof of Theorem[{.1, We want to apply Theorem [3.] Since for all n € N and j,i < T it holds that
IS du(T /)¢y (Ti/n) = 1{i = j} (by assumption) we have that

n 1 n
X315 =" —5 Y= XirpnXizjntr(Ti/m)n(Ti/n)

=1 =1
1o (23)
_ 2
== Xt/
j=1
Since sup(o 7 E[X7] < 0o there exists ¢ > 0 such that for all n € N
n||? 1 = 2 =
E[|X3];] =B | Yo Xiryn| <2< oo
k=1
By Markov’s inequality we have for all § > 0 and for all n € N that
w2
P[|xzl; <e/o] =10 (24)

By and Lemma for all 6 > 0 there exist vi,v3 > 0 and 7 such that or all n > 7, with
probability at least 1 — 4, for all S € Uy, we have [[(X})s\q,ll2 > v1 and [[(XF)s[l2 < va. By definition
of U,, we have that for all S € U,, and all U,, € Inl(i4,) it holds that |S| = |Uy| = n — ¢, and therefore
a1(S,Uy,8) < 402\/n\/21og(2|U,]/5). Property |(i)|and Property ((ii)[ of Lemmathen yield the claim by
Theorem 311 O
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Proof of Theorem[].3 Equation implies that for large n with high probability we have

7= max H(Xg)v(s) H2 <1/V2
SC{1,...,n} s.t. [S|=n—cn \/)\min <(X$)§(X$)S)

and by we know that for large n we have with high probability that for all for all S with |S| =n — ¢,
the value of \/ Amin ((Xg)g(Xg) 5) is lower bounded. This yields the desired result by Corollary

D.7 Proof of Proposition 4.3

It holds that . .
(Xg) 'mg  (X3) op

s — B =
Ixel, e

2 2
2 2
By Lemma the first term vanishes in probability. The second term, however, is non-vanishing in
many cases, for example, when U is a band-limited process and X; = U, + ¢; for all t € [0,T], where ¢ is a
band-limited process independent of U.

E Additional Results

E.1 Consistency of OLS in the i.i.d. Setting

Assume that we are in the i.i.d. bounded adversarial outlier setting with Gaussian noise. More precisely, let
{z}reny C R and {e; treny C R be independent, i.i.d. sets of random variables with strictly positive variances
and €; having mean zero, and let {0y }reny C R be a set of random variables that might depend on {xj }ren
but not on {ex}ren. Assume that there exists ¢, € R such that for all k € N it holds that |ox| < ¢p. Assume
there exists 5 € R such that for all £k € N

Y = BTr + €, + 0.

Fix n € N. Define 2" := (x1,...,2,)" and 0", y™ and " analogously. If OLS without outliers is consistent,
that is, |(#™) Te"/||2™||3| — 0 in probability, and the fraction of outliers is vanishing, that is, |[{k < n | o #
0}]/n — 0, then the OLS estimator 54 is consistent even in the presence of outliers. More precisely,

R n\T n n\T n
o (oo e N (o
[E4R 1 ™[I
(") Te VI{E<n [op #0}[/vn
< 5| +¢b
— 0,

where the denominator of the right-hand term converges to a constant by the weak law of large numbers
and the continuous mapping theorem.

E.2 Example application of Theorem (3.1

If holds, all terms in the bound of the estimation error in Theorem are asymptotically bounded by
log(U,,)/d/+/n, except the term that includes ;. If we multiply out the quadratic terms appearing in a;,

we obtain

20° Log(K[Un| /6)(|S|/|Un| = 1) +20°\/210g(KUn| /6) \/IS] + 207 \/210g 2| /6)|S|/\/TUn- (25)
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When minimizing over U,, and maximizing over .S we can asymptotically bound by log(2|Uy|/0)|S|/VUn.
Therefore, if (@ holds, then with probability at least 1 — §

Vi |ttt - 8] € 0 (Vistoa(eal 91/ VT

E.3 Lower Bound

Theorem E.1. Let {c,}nen be a sequence of natural numbers and let x = {x;}ien be a sequence of real
numbers. Let €' = {el }ien have i.i.d. uniformly on [—1/2,1/2] distributed elements. Define for all i < n
and B € R the random variables

Y = Bra; + €.
Assume we observe {(xi,ffi)}ieN, where Y, ...,Y, are obtained by (adversarially) perturbing c,, of the Y -
values. If there exists c,0 € (0,1) and . € N such that for alln > 7

P = Zmin{l,c|:ci|} < en(1—o0), (26)

i=1
there does not exist a consistent estimator for (.

Proof. Let o € R and n € N. Let €2 = (e2,...,¢2)" C [~1/2,1/2]" have i.i.d. uniformly distributed

elements independent of €;. Define for all i < n the random variables Y;? := Box; + ¢?. For u € R, let
Ai(u) == {v € R | |v — fru| < 1} be the support of Y := Siu + €, where € is distributed uniformly in
[-1/2,1/2]. Define Ay(u) = {v € R | |[v — Bou| < 1/2}. Let p be the Lebesgue measure and define the
difference of support Q1(u) by Q1(u) == Al(u) \ A%(u) and Qa(u) by Q2(u) == A%(u) \ A*(u). We have
w(Q1(u)) = u(Q2(u)) = min{1, |81 — B2|u} Therefore, for all i < n we find that N} = 1{V! € Q(z;)} and
N? = 1{Y? € Q2(z;)} are independently Bernoulli distributed with parameter min{1, |31 — Bz2||z;|}. Let
N be the number of datapoints for which Y;! € Q1 (x;),

n

Nt .= iNil = Z L{Y;" € Qu(z:)}-

i=1

Define N2 analogously. Let K, be the event that N' < ¢, and NQ(:E) < ¢,. Assume K, holds. Let
HY ... H{ and H?,...,H? be ii.d. Bernoulli distributed with parameter 0.5. For all Bi,..., B} and
B?,...,B2 be jointly independently distributed such that for all i < n we have that B} is uniformly
distributed on Qa(x;) and B? is uniformly distributed on Q1 (x;). Define for all i < n

Y= N (HY] + (1= H])B}) + (1 - N,

Put simply, if ;' € Q1(z;) with probability 50%, we move the data point to Q*(z;). We define Y{?,...,Y;?
analogously. By construction we have that Y{*,... Y/} | K,, and Y{?,...,Y/? | K,, have the same distribu-
tion. Therefore, under K, no estimator can differentiate between 3; and fs.

It remains to bound 1 — P[K,]. We have

1-PIK,| <P[N'">c,] +P[N*>c,] =2P[N' > ¢,].

We find that N' is Poisson binomial distributed with parameters min{1, |81 — Ba|z1|},...,min{1, |8 —
B2l|zn|}. Define p, = >"" ; min{1, |81 — B2||x;|}. By Chernoff’s bound we have for ¢, > p,, that

P [Nl > Cn] < exp (Cn —Pn —Cn IOg(CH/pn)) .
Define ¢y, :== p,/cn, then
exp (Cn —Pn —Cn IOg(Cn/pn)) = exp (¢, (1 —qn — IOg(l/qn))) .

If we have data such that there exists 7 and o > 0 such that for all n > 7 we have ¢, = p,/c, < 1— o, then
P [N > cn] — 0 and therefore P[K,,] — 1 and no consistent estimator exists. O
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Remark 1. Assume that X1, Xs, ... are i.i.d. distributed such that for all i € N we have P[X; = 1] =P[X,; =
—1) =1/2 and let ¢, = |nn] forn € (0,1] (that is, n is the fraction of outliers). Then p, < n|B1—B2| and for
|B1 — B2| small enough there exists 0 > 0 such that for alln, p,/|nn] < 1—o. Therefore, by Theorem[E.1|(in
general) there does not exist a consistent estimator if we allow for a constant fraction of outliers.

F Additional Information on the Experiments

F.1 Experimental Details

For the synthetic experiments, we generate data from the model specified in Setting [T] with 8 = 3 and
T = 1. We sample ex and U either from two Ornstein-Uhlenbeck processes with parameters (1, —0.8) and
(1,—0.5), respectively, or from two band-limited processes with coefficients drawn i.i.d. standard Gaussian
with S = {1,...,50}. We choose the confounded components G uniformly at random with probability
0.25. For the othonormal basis ¢ we consider the cosine basis (see Definition and the Haar basis (see
Definition . We choose the threshold parameter a for Torrent and BFS as 0.7. We consider noise
with variances a% € {0,1,2}. We evaluate the mean absolute prediction error on 1000 sample sets, that

is, MAE = Zgﬂo |18 — B}OOO\ /1000. In all experiments, except for the one presented in Table |1} we use
DecoR-Tor.

F.2 Additional Experiments

In this section, we present additional experiments on synthetic data. Figure [5| suggests that DecoR-Tor is
consistent when the Haar basis is used instead of the cosine basis. Figure [6] considers a setting with model
misspecification. In Figure |§| (left) we plot the performance of DecoR-Tor as the fraction of confounded
datapoints increases. DecoR-Tor seems to be consistent even when 50% of the datapoints are confounded.
As expected, when more than 50% of the datapoints are confounded, DecoR-Tor is not consistent. In Figure |§|
(right) we add standard Gaussian noise to U, which makes the model misspecified since Assumption [1]is no
longer satisfied for a ‘small’” G. In this sense, the confounding is dense (with ¢, = n). However, since we are
in the frequency domain, the variance of the noise converges to 0 (with increasing n), which we suspect to
be the reason that DecoR-Tor remains to appear consistent. Figure [7] considers multivariate processes and
suggests that DecoR-Tor is consistent when X is two-dimensional. Lastly, Table [§| shows that DecoR-Tor
converges in under 15 interations for sample sizes up to 1000 in the case where X and U are band-limited
processes and the noise variance oy, is set to 1.

25



Ornstein-Uhlenbeck, Haar basis

1.754
()
1.50 "x
X O
— \.
S 1.254 \v>.s
@
Q
5 1.00 1 —e— OLS
g X —x— DecoR
© - —_
it 0.75 \ — 2=
3 S o2 =
€ 0.50 - \ n
" — o:=4
0.251 X « x\
\ .
0.00 1 etk
10t 102 103

number of data points

Figure 5: Synthetic experiment where ¢, and U are generated by two independent Ornstein-Uhlenbeck
processes and we choose ¢ to be the Haar basis.
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Figure 6: Left: Synthetic experiment where ¢, and U are generated by two independent band-limited pro-
cesses. Right: Synthetic experiment where €, and U are generated by two independent Ornstein-Uhlenbeck
processes. For this experiment we add i.i.d. standard Gaussian noise to U, which makes the confounder
dense and, therefore, the model is misspecified (cf. Setting[I]).
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Figure 7: Left: Synthetic experiment where €, is generated by a 2-dimensional band-limited process and U by
a 1-dimensional band-limited process. Right: Synthetic experiment where €, is generated by a 2-dimensional
Ornstein-Uhlenbeck process and U by a 1-dimensional Ornstein-Uhlenbeck process.

n mean | min | max

10 2.42 2 3
100 5.14 3 8
1000 | 8.26 4 13

Figure 8: Number of iterations until convergence for DecoR-Tor. Even for sample size n = 1000, DecoR
converges after < 15 iterations.
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